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Forward Kinematics

General Procedure
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Forward Kinematics

c6; —sf; 0 0
0 T — SE]_ CS]. 00
1 0 0 10|
0 0 01
- ¥ r F4
b, —s6, 00 r11 rlz r_3 Py
ip_| 0 0 10 ggﬂzgrérz 21 T2 723 Py
2 —s6, —cf, 00 |’ 31 T3 T3z P,
oY 0 01 0 0 0 1
['.'63 —5 H3 U az
2? — S'E3 C’Hz 00
3 0 0 1d|°
i @-1aq-1] 4 i | 0 0 01 r1y = €1[e33(648506 — 5455) — Spa85e5] + 51(s4e506 + c45¢),
— 394 .-nlgﬂd 0 33 a1 i .E[czi(qcscﬁ_— s,.s;)_— 5235506 — € (84€5C5 + €456),
1 0 0 0 8 D 0 1 d 31 = —8x3(€4C5C6 — 5455) — C2355Cs,
3
4T - —594 —~c€4 0 0 : 113 = €1[ca3( 640556 — 546q) + 523555] + 51 (6466 — 54655),
2 -0 0 0 b2 0 0 01 Iy = 81[633(—caCs5g — 54C6) + 5238556] — €1(C426 — 54¢55)
: _ I3 = —5p3(—€4C556 — 54Cq) + 23555,
3 0 a d 6 chs —s0s 00
’ ’ 05 0 > 10 I3 = €1 (6230455 + $23€5) — 815455,
4T_ - Fo3 = —81(€93C455 + 593C5) + € 5455
4 —90 ay dy 8, 57 3'95 Cﬂs 00 1 23 146230455 T 5235 15455,
'D 'D 'D 1 F33 = 5336455 — C33Cs;,
5 %0 0 0 bs r 696 _‘5"96 007 Py = ciloaey + a3093 — dysps] — dysy,
5 0 0 10 Py =sqlaye; + azey3 — dysy] + dyeq,
6 -90° 0 0 B T = P, = —@3553 — G35 — dycy3.
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Inverse Kinematics

{B}[0,0,... O] {W}—T}—=>{G}—{S}

* Solving the problem of finding the required joint angles
[0, 0,... 6.] to place the tool frame, {T}, relative to the
station frame, {S}

 Find the wrist frame, {W}, relative to the base frame, {B}
 The inverse Kinematics are used to solve for the joint angles

18) W

{8}
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Solvability

Solving a nonlinear set of equations

- Given JT as sixteen numeric values (four of which are
trivial), solve for the six joint angles [0, 0,... 6] .
* 12 equations and six unknowns o
» Rotation Matrix o7 0717 7 T B,

6 Y31 T3p P33 Py

3 out 9 equations are independent 0 0 0 1
° POS i ti O n VeCtor r1y = €1[e33(648506 — 5455) — Spa85e5] + 51(s4e506 + c45¢),

° 3 i n de e nd e nt ra1 = 51[e93(€4€506 — 5456) — 52385¢6 — €1(54€5C6 + €456}
p r3; = —593(C4C5CE — 5455) — C2355Cs,

11z = €1[ea3(—e4e585 — s466) + 5235556 + 51(c406 — 54¢555).

Fyy = §1[Ca3(—e4C585 — 54C6) + 5235586] — €1(C466 — 54C556),

r3y = —8p3(—cyC555 — 54C) + 3555,

Q A 113 = —€1(€23¢455 + $23€5) — 818455,

. rz3 = —51(€23C455 + 523€5) + €1 5455,
Challenging ri = 5mess — s,
TaS k Py = cylayey + a3cyy — dysys] — dys,

Py = 81lap¢y + a3¢3 — dysy3] + dyey,

P, = —a35p3 — a5y — dycp3.
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Workspace

Volume of space that the end-effector of the manipulator can reach

(a) Workspace calculation: Workspace Example:

¢y =55 00 x 7 g=(1,y,0) A planar serial 3-bar linkage
Bp_ | S ©p 0.0 vy €r = 5161 s ZQClg S5 536123
w 0.0 00 1.00.0 | y=1[181 + 12812+ 135123

0 0 0 1 ¢=91+92+93

(b) Construction of Workspace

(c) Reachable Workspace

« Volume of space that the robot can
reach in at least one orientation

(d) Dexterous Workspace

 Volume of space that the robot ()
end-effector can reach with all
orientations

(a) (b)

(c) (d)

The Tool Frame also needs to be considered in applications

AncoraSIR.com
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Multiple Solutions

The robot needs to make a choice, sometimes difficult

One of the two

- Four solutions of
. ) 7
possible solutions 3,’ the PUMA 560.
to reach point B
causes a collision. Bk~ __ _ 4,/
d
How the maximum number of solutions is related

to how many of the link length parameters (the &)

are zero.

« The more that are nonzero, the bigger is the
maximum number of solutions.

» For a completely general rotary-jointed
manipulator with six degrees of freedom, there
are up to sixteen solutions possible.

@ Number of solutions
) = a3~ 5= 0 = 4
~ [1] B. Roth, I. Rastegar, and V. Scheinman, “On the Design of Computer Controlled
. = l3
[13 = as = 0 = 8 Manipulators,” On the Theory and Practice of Robots and Manipulators, Vol. 1, First
P 0 - 16 CISM-IFToMM Symposium, September 1973, pp. 93-113.
3 . [6] L.Tsai and A. Morgan, “Solving the Kinematics of the Most General Six- and Five- SUSTech
Alla;#=0 =16 degree-of-freedom Manipulators by Continuation Methods,” Paper 84-DET-20, ASME
1
Ancoras I R . Com Mechanisms Conference, Boston, October 7-10, 1984.
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Method of Solution

There are no general algorithms that may be employed to solve a set of nonlinear equations

e Closed-form solutions vs. Numerical solutions

« A closed solution method is based on analytic expressions or on
the solution of a polynomial of degree 4 or less, such that
noniterative calculations suffice to arrive at a solution.

« algebraic and geometric methods for a closed solution

* The bottom-line is that all systems with revolute and prismatic
joints having a total of six degrees of freedom in a single series
chain are solvable

« However, this general solution is a numerical one.

« Only in special cases can robots with six degrees of freedom be solved
analytically

* The “trick” to design a closed-form-solvable robot

* Intersecting joint axes or with twist angles equals to 0 or =90 degreesUSTech
AncoraSIR.com
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Algebraic Solution

Consider a three-link planar manipulator
- N C¢ _S(;& O°0 X 0123 —5 0.6 lic +l C
« All attainable goals s _| 55 o 00y | ap_op_ | e 00 e+ b
- - w7100 00 1000]| " 3 00 00 10 00
must lie in the subspace 5 0 0 0 1
I 0 0 1
Cp = €123
S¢ = 5123+
X = llcl + 121.'.'12, C1g = €1C9 — §189, A
2 2 — ZZ l2 211 , Yy
y = llSl +12S12_ » x° 4y ‘1 + 2 + 1¢2€2 S19 = Clsz’l‘s]_cz- ?1 ?
o R e i Check if a solution
’ 21, exist within [-1,1] | ¢ |a-1]a-1| & | &
1 0 0 0 )
52 = :I: ]_ —C%.
‘ 2 0 L, 0 (]
6, = Atan2(s,, c,). ; . . . .
AncoraSIR.com
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Algebraic Solution

Solving the rest joint angles

v,
. = tan —,
Algebraic “=Hng
) -
Cs = C1os solutlo_n by o “
o s reduction to T+u
= 9123: .
’ polynomial  sing = 2.
x =l + ey, x =kiey —kpsy,  ky =1 + Loy, 1+u?
y = lys1 + sy I y=kysy+thcy, &y =lys,.
?‘:—]—‘/k%—l—kzz k1=1‘COS‘}/,
; = cosy cosf; —siny sinf, y = Atan2(ky, ky), ky=rsiny.
% =cos y sinf; +siny cosf;,
cos(y +6;) = ; y x
, Wy v+ =amn2(2,2) = A, v,
siny +6) = > rer

£

91 = AtaﬂZ(y, x) — AtaDZ(kz, kl)

91+92+93=At3112(3¢:c¢)=¢- «

62 == Ataﬂ.Z(Sz, Cz) §|H§IFCh
AncoraSIR.com
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Pieper's Solution When 3 Axes Intersect

Also include the case with 3 consecutive parallel axes, as they meet at the point at infinity

» When the last three axes intersect, the origins of link frames {4}, {5}, and {6} are all
located at this point of intersection.

x f1 = azc3 + dysa383 + as,
0 0p 10253 y
Pyorc = T oT ST Pyore = z |’ o = ascaysy — dysazycancqg — dysaycas — dysas,
‘ 1 f3 = 1‘338&'283 —_ d4S&'3Sa2C3 + d4(.'ﬂf20(x3 + d3ca2.
a3 f1(83) ] f1 as
0 _0pr1p?2 —d450-'3 _0p1 J2(63) i) ) md4soz3
P =.T ., T:T =.T_T —= 4T
40RG — 17 2% 3 d,cas 1" 2 f3(63) » /3 3 dycasy
1 1 1 1
‘ 181 — 5187 | 21 = Cfy — o +ay,
°Pyorg = | 1817 182 82 = sycay fi +cacay fr — say fy — dysay,
83
1 | g3 = 8950 f1 + cy50y fr +cay f3 +dycay.
the squared ‘
X 0 r=gitg ey | r =Sl A a2 fy+ 2ay (0o fy — safp)|
magnitude of °P,ozq 178 T8y L Ty Hgtay )+ a3+ 2a(0f — s /)
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AncoraSIR.com oy

3/7/2019 Bionic Design & Learning Group



Solving for 6, 6, 0, L

Pieper's Solution When 3 Axes Intersect sino ==

dependence on 6, (4.50)

has been eliminated
F= (kICZ +k282)2al + k3’ « r= flz -+ f22 + f32 + a% + dg + Zdzfa +2C!1(02f1 — Szfz).

z = (kysy — kpcp)say + ky, 83 = 85801 J1 + €80 Jp + €&y J3 + 0y,

dependenceoné, -~

k imple form
fakes a s ple 10 k= fl,
ky=—to 242+ FE =02 +d? +d2 +al
k3 = f]_z + f22 + -f32 + H% + dg + 2d2f3! +2d4d3£‘£‘£3 +2££233C3 +2R2d4.9{k3.§‘3.

ky = fzcaq + dycoy.

consider the 1. Ifa; = 0, then we have r = ky, where  is known. The right-hand side (k3) is a
solution for 0y function of 8; only. After the substitution (4.35), a quadratic equation in tan %1
may be solved for &;.
Then. we can 2. If sy = 0, then we have z = k4, where z is known. Again, after substituting
solve’ for O via (4.35), a quadratic equation arises that can be solved for 6;.
1 3. Otherwise, eliminate s, and ¢, from (4.50) to obtain
and 6, using
r —k3)? (2 —ky)? -
(4.50) R (452)  (er

405 s2ay
AncoraSIR.com
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Solving for 6, 6 6,

Pieper's Solution When 3 Axes Intersect

* These axes Intersect, so these joint angles affect the orientation of only the
last link.

 The rotation portion of the specified goal is enough for solution
* One can use exactly the Z-Y-Z Euler angle solution to solve

« Set one joint to be zero, then solve the other two, finally get back to the
joint set to zero

» We can compute Ry, g
« the orientation of link frame {4} relative to the base frame when 6,=0

4 _0p-1 0
SRIE,;:O — 4R IS4:D 5R° » (95 ‘96 » (94

 There are always two solutions for these last three joints,

* So the total number of solutions for the manipulator will be twice the numbey:
found for the first three joints.

Southern University
of Science and Technology
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Examples Of Inverse Kinematics

The Unimation PUMA 560

P11 Ti2 13 Py by = egslesescs — s456] — 523555
OT _ ™21 T T3 Py lrm = —8§4C5C — €45,
6 ra1 Ty I3z P ry = —sp3leqescs — s486] — cp355Cs,
0 0 0 1 Irip = —cpslesesss + s4c6) + 523555,
0 1 2 3 4 5 by = 4655 = cace,
= 1T(Sl)gT(92)3T(93)4T(‘94)5T(QS)GT(HG) 1r32 = Sp3lc4C555 + 54€5] + C33555,
11'13 = TC30455 — 972365,
T3 = 8455,
cg 50 00 P11 T12 Ti3 Py lr33 = 8336485 — €365,
—s; ¢4 00 ' T 3 Py | _lp _ Lp, = a0, + a3cp3 — dysys,
0 010 || ryryprsg p, | 6 Py = ds,
0 001 0 0 0 1 Lp, = —a35)3 — a8, — dycos.
—sipybepy=di. 6= Atan2(p,, p,) — Atan2 (ds, £ /p?+ p2 —d2) 2 solutions

vl

C1Px +S1Py = (13Cyg — d4S23 + a6y, Oy = Atan2(a3, d4) — Atan2(X, i\/a:% + dz — Kz)_ 2 solutions
—Px = 0353 + dyCy3 + 435,

2 2 2 _ .2 _ .2 32 _ g2
K_px+py+px ) a3 d3 d4

202

Southern University
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Examples Of Inverse Kinematics
The Unimatio/n PUMA 560

[STONT'ST = 3T(6,)3T (65),T (65),

C1€3  §1Cp3 83 —da03 M1 12 13| Pa €C4Cs5C6 — Sa%¢ —CaCs55 — 54C6 —CoS5 a3
—C1873 —S183 —Cp3  apfy " T VA Py || _ap - 55Cq ~58556 cs  dy
—51 1 0 —d I3y Fap P, 67 | —84C5C5 — CaSg  $4C555 — C4Cg  Sg85 O

0 0 0 1 0 1 0 0 0 1

C1Cy3 Py + 81C3Py — §33D, — 0C3 = d
’ ’ Z » Oy = Atan2[(—a3 — ayc3) p, — (€17, +51py)(dg — a353),

—C1893Py — §1593Py — C3p, +a353 = dy.
(0253 - d4)Pz - (03 + 6126'3)(01}9,_- + -5'1Py)]-

SUSTech
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Examples Of Inverse Kinematics

The Unimation PUMA 560

[STONT'ST = 3T(6,)3T (65),T (65),

Now the entire left
side is known

C1€3  §1Cp3 83 —da03 M1 "12["13 | Px €C4Cs5C6 — Sa%¢ —CaCs55 — 54C6 —CoS5 a3

—C1S93 —81823 —Cp3  GpS3 o1 Tof T3 Py | _3p - 55Cq —555g cs  d4

—51 1 0 —d 1y a1 | P, 67 | —84C5C5 — CaSg  $4C555 — C4Cg  Sg85 O

0 0 0 1 0 1 0 0 0 1
F13C1Cy3 T+ Ip381Cg3 — F338)3 = —CySs, As long as s5 7 0, we can solve for 8, as

—F1a¥ I'yaC1 = §,45¢<. » - -
131 + 23%1 435 94 _ _A_taI]_Z(—r1351 -I— }"23(,'1, —113C1C23 -_ ]23.5'1(:23 +_r33.5'23).

When & = 0, the manipulator is in a singular
configuration in which joint axes 4 and 6 line up and .
cause the same motion of the last link of the robot. SUSTech

AncoraSIR.com
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Examples Of Inverse Kinematics

The Unimation PUMA 560

Another 4 flipped wrist solutions
A, = 64+ 180°,

0T 07 = i7(05)37 0y, o = —s,, Atotal of 8
> solutions
0% = 6 + 180°
C1Cy3C4 + 5184 S1Cp3C4 — €184 —8p3C4 —aC3Cy + d3sy — a3cy 13 |Py c5¢g —Cssg —S5 0

SE Cﬁ O 0
§5Cg —855¢ Cs 0
0 1 0 0 0 1

—C10p384 T 510y —S1Cp384 — 1€y Sp384  OpC38, + d3cy +assy
—C15x3 —S1573 —Cy3 (pS3 — dy
0 0 0 1

o
)
>

M

r13(€1623€4 + 5154) + 123 (81Co3¢4 — €184) — r33(553¢4) = —s5,
I » 95 = Ataﬂ2(35, Cs),

713(—C1893) +rp3(=5153) + raz3(—cp3) = cs. . .
4 solutions corresponding to 6, 6,
QTy 9T =27 (6). S6 = —711(C1C2384 — $164) — 721 (810354 -+ €164) + 731 (52354),
cg = r11l(c1ea3cy + 5154)c5 — ¢ 1593851+ rog [(51¢p304 — €184)C5 — $157385]
0 = Atan2(sg, cg), —731(523C4€5 + €3355).
AncoraSIR.com
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The Standard Frames

Classical Methods vs. Learning Methods

« User Specified Frames {S}, {B}, {T} The robot system calculates a series of joint

« {S}wrt {B}and {T}w.r.t {W} angles to move the joints through in order that
the tool frame will move from its initial

* The “trick” of finding {G} location in a smooth manner until {T} = {G}
» Classical method: User Defined at the end of motion.
« Learning method: System Learns * Inverse Kinematics

« Motion Planning
By _ B S Wrp—1
WT = ST TT T T
the inverse kinematics take %T
as an input and

| \:alculate 6, through g,

{s} //
ation 4
ame
Goal
V. frame
> r \
\

Southern University
of Science and Technology

(B} {w}
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Repeatability, Accuracy & Computation

Practical Issues to be Considered

» Repeatability: How precisely a manipulator can return to a taught point

A taught point: One that the manipulator is moved to physically, and then the joint position
sensors are read and the joint angles stored.

* Accuracy: The precision with which a computed point can be attained

A computed point: One in its workspace to which it has perhaps never gone before.

« Computation: Inverse Kinematics of a manipulator usually needs to be calculated
at a fairly high rates, i.e. 30 Hz or faster

AncoraSIR.com

Numerical solution is usually computationally savvy, closed-form is always preferred
A table-lookup Atan2 routine can be used to attain higher speeds (no need to compute)
Optimized computation structure to find JUST THE ONE instead of ALL solutions

Usually the 1% solutions takes the most computation and the rest can be obtained by
summing and differencing angles, subtracting =, and so on

Southern University
of Science and Technology

3/7/2019
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Motion of the links of a robot
Velocity "Propagation” From Link To Link

Axisi

 Linear velocity is associated with a point (i.e. N\

origin of the link frame), but angular velocity is
associated with a body

_ i { ) i+15

0

angulgr 6. Mz~ g
velocity AR 6.,

. i1 . . i1l A i

o = H-,- R'w; +0,1 " 2y
linear iy ="v 4 e x Py i
velocity = ROy, + ey x Py

b,

FO-I‘ _ i+1wf+1 _itlp L,
prismatic :
- . ] i I. s - - K] 1 [
joint E+1Uf-|-1 = +:R( i+ oy X P iy T2

AncoraSIR.com
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Example of a Two-link Manipulator

_ Calculate the velocity of the tip of the arm as a function of joint rates.
Give the answer in two forms—in terms of frame {3} and also in terms of frame {0}.

¢y —s; 00 0 [ 0
[}T —_ §1 Cl 0 0 la)l = p , 2(02 = ) 0 ) ,
1 0 010/ 4, | 4, + 6,
- 0 0 01 [ 0 [ Cy 57 0 0- 21529.1
’-(.'2 -8 0 ll 1U1 = 0 . 2U2 = —§; O3 0 3191 = 11C261 ,
|56 00 K 0 o01l] o 0
22710 0 10|
0 0 01
~ 3 2
Wy = “wy,
100 1 3T M _
2T= 0100 3 . Z1S291 ) | )?3
(000 1 0
0 0 ) 5 C12 —f1z 0 0 —llsLél — lelz(.él +.9.2)
sR=1R R 3R= 3(1)2 Céz (1) vz =1 heb + Z2;7)12(91 +6))

AncoraSIR.com
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Jacobian

Adding static forces to the “equations”

af1 af1 af
5y1 5x1 + —8x 2 + o0+ ——3x6 . .
dx dx
Y1 = fL(0, %y, X3, X4 sy Xe), fl fz Zfﬁ Jac]?blan might alslo
Yo = falxy, %3, x3, x4, X5, X¢), 8y, = 3 1 *1 + ﬁa 2t o =25, z?ﬁ:oun?_ th dl':[iCt y
*6 Ifferentiating the
Kinematic equations
Ys = Jo(x1, Xg, X3, X4, X5, X¢)- 3 of the mechanism
3 ] 3x; dxg
oF : :
Y = F(X). BY = . 8X. §Y = J(X)8X. Y = J(X)X.
In the field of robotics, we generally use a vector of the vector of

Jacobians that relate joint velocities to Cartesian
velocities of the tip of the arm

« The number of rows equals the number of velocities

degrees of freedom in the Cartesian space
being considered.

» The number of columns in a Jacobian is equal
to the number of joints of the manipulator.

AncoraSIR.com

Cartesian N 0y

°J(@)®/joint angles of

the manipulator

Southern University
of Science and Technology
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Singularities

Is the Jacobian invertible for all values of ®? If not, where is it not invertible?

R i : At a singular point, the
* Invertibility problem of linear transformation j, erse Jacobian blows up!

_ « This results in joint rates
=71 (G)v. approaching infinity as the
singularity is approached
» We could calculate the necessary joint rates at each instant along the path

« Singularities of the Mechanism

 Values of ® where the Jacobian becomes singular

 All manipulators have singularities at the boundary of their workspace,
» Most have loci of singularities inside their workspace

1. Workspace-boundary singularities occur when the manipulator is fully
stretched out or folded back on itself in such a way that the end-effector
is at or very near the boundary of the workspace.

2. Workspace-interior singularities occur away from the workspace boundary;
they generally are caused by a lining up of two or more joint axes.

SUSTech
AncoraSIR.com oy
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Singularities for 6R Manipulators

Case 1: Two Collinear Revolute Joints

J(0) is singular if there exists two joints

N I S Bt %57@7%

o The axes are parallel,w| = +wy -
Q The axes are collinear,w; x (q1 —g2) =0,i=1,2

s.t.

 Elementary row or column operation do not change rank of J(6):

J(0) = ‘ _wa q1 —wa; a2 ]ERGW w1=w2

7(0) ~| ~w1x@ w2 x (g2 -aq1) - ]

w1

[ ~wixqr 0O -
SUSTech
AncoraSIR.com oy
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Singularities for 6R Manipulators

Case 2: Three Parallel Coplanar Revolute Joint Axes

J (@) is singular if there exists three joints s.t.
@ The axes are parallelw; = zw;, 4,7 =1,2,3

Q@ The axes are coplanar, i.e. there exists a plane with normal n s.t.

ntw; =0,n! (¢ - q;)=0,4,j=1,2,3

J(6) = [ —w1 x 1 —w2 x (G2 = q1) - ]

W1 W9
F () +12  +Y3 ..
0 0 0 .
0 0 0 -
Ang(Q) 10 0 o -
adjoint O 0 0 - \
transformation 1=l =+l | .

p- —

Linearly dependent

SUSTech
AncoraSIR.com oy
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Singularities for 6R Manipulators

Case 3: Four Intersecting Revolute Joints Axes

J(0) is singular if there exists four concurrent revolute joints with
Intersection point ¢ s.t.:

w'iX(Qi_Q):Oaizlw”?4

« Choose the frame origin at q,

pZQiai:17“'74 _____ | i i

IOy wy e -]

SUSTech
AncoraSIR.com oy
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Manipulability

1. The ability to reach a certain position or set of positions => Workspace (complete/reachable/dextrous)
2. The ability to change the position or orientation at a given configuration => around a given local configuration

e Jacobian relation of g: 0 € Q — g(0) € SE(3)

vV =J(6)8 (%)
¢ Inverse Jacobian:

Given v € R™, solve for 6 ¢ R™ from (*)

e Application: Kinematic control by Inverse Jacobian
@ Input: A desired g4(t) € SE(3),t € [0,1]
@ Output: 6(k) =60(kAT), AT : Sampling period,k=1,..., N = [T/AT]

@ Step 1: Let g4q(k+1) = g(k)eVAT = g(@(k))eVAT, solve for
VAT =log(g~" (k) ga(k +1))
@ Step 2: Solve for 8(k) from V = J(0(k)) -0(k) and update

0(k+1)=0(k)+0(k)AT

3/7/2019 Bionic Design & Learning Group



Static Forces In Manipulators

How forces and moments "propagate™ from one link to the next

. . f; = force exerted on link i by link i — 1,
 Solve for the set of joint torques needed to n; = torque exerted on link i by link i — 1.

support a static load acting at the end-effector i+ 1)

1. Lock all the joints so that the manipulator
becomes a structure.

2. Consider each link in this structure and
write a force-moment balance
relationship in terms of each link frames

3. Compute what static torque must be acting -

What torques are needed at

about the joint axis i for the the joints in order to
. ) . [ balance the reaction forces
manipulator to be in static.equi m and moments acting on the
links?

i f
fi="fr . ..
i = Jin1 -=inT 17 Revolute joints

i i i i
ni="m+ P x fia

l

I . I i+1 . . A . ...
fi =i R S v ='f£1"Z;, Prismatic joints |3
I i i+1 i i
n, =, R n,,1+"P.,4 x'f. SUSTech
AncoraSIR.com ! i+1 i+1 i+1 f’ oy
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A two-link manipulator is applying a force vector 3F with its end-effector. (Consider
this force to be acting at the origin of {3}.) Find the required joint torques as a
function of configuration and of the applied force.

Example
. ip . ipitl
1. Lock all joints for a structure fi= AR fiys 3, %,
2. Write Force equilibrium (From End to Base) ‘n; = f+11R ‘+111[.+1 +iP . xf,.
3. Compute Static Torque about the joint axis 3F
i Ti5
f. T ="'n; 'Z -
2f2 = fy : (
0 1 =hsy fy + U + 1)) £y,
fx | 0 ] 0= l2fy° ‘\Tl
2?12 = 12}22 X fy = 0 ’ \ 77
0 by _
- - - 159 1 +1 :
Cyp —952 0 fx Cfo—Sny T=[ 1;2 2—-'; 162] [;l}
1f1 = S2 Cz 0 fy = Szfx —|— czf}' , 2 y
0o 0 1][o] [ o [
0 0
o 1
= 0 |4+4X x fi= 0 - the transpose .
|ty hoafs theafy +hJy of the Jacobian USTach

AncoraSIR.com
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Jacobians In The Force Domain

Use Virtual Work principal to analyze the static case by allowing infinitesimal displacement

6 X 1 Cartesian 6 x 1 vect When the Jacobian loses full rank,
force-moment X L1 Vector there are certain directions in which
of torques the end effector cannot exert static

vector acting at ot the Toints tor C:
the end-effector J forces even if desired.

~ /

F - dx=1-00 =_7-‘T5X=1-T5®
— ™ _
6 x 1 infinitesimal 6 x 1 vector of 5y = J50 Jacqb!a_n
Cartesian infinitesimal joint Definition
displacement of displacements T Y T
the end-effector F Jé0 =17 60
Must hold true for all
Allows us to convert a infinitesimal displacements
Cartesian quantity into a v

joint-space quantity without = JT F< Ly g——y

calculating any inverse
kinematic functions

SUSTech
AncoraSIR.com oy
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Instantaneous Cartesian Transformation

Velocities & Static Forces

» 6x1 general velocity of a body »-|; ] 0 b, »,
- Px = Py 0 — Py
* 6x1 general force vector F= ﬂ —p, p. O
Hlug =FRCy + o x TPy | fup | AR —JR[*PgorgX ] |:AUA ]
Hog =R w0, 2 »| Pop 0 aR fooy
Set to zero here assuming frames B _l_ Bp A,
A & B are rigidly connected. Ve = 4tv VA
Ap _Ap B Force-moment Au,=AT, Bug Velocity _
A= B"f “B  Transformation T; Transformation T,

A A
AF ] sk 0 HBFB] fug ] _[8R PBORGXBR}[BUB:]
ANA APBORGX gR gR BNB AG)A 0 gR BC\'JB -

AncoraSIR.com
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Thank you!

Prof. Song Chaoyang
* Dr. Wan Fang (sophie.fwan@hotmail.com)

SUSTech
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